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We consider tri-bimaximal lepton mixing within low-scale seesaw schemes where light neutrino masses
arise from TeV scale physics, potentially accessible at the Large Hadron Collider (LHC). Two examples
are considered, based on the A4 ﬂavor symmetry realized within the inverse or the linear seesaw
mechanisms. Both are highly predictive so that in both the light neutrino sector effectively depends only
on three mass parameters and one Majorana phase, with no CP violation in neutrino oscillations. We
ﬁnd that the linear seesaw leads to a lower bound for neutrinoless double beta decay while the inverse
seesaw does not. The models also lead to potentially sizeable decay rates for lepton ﬂavor violating
processes, tightly related by the assumed ﬂavor symmetry.
© 2009 Elsevier B.V. Open access under CC BY license. 1. Introduction
Neutrino mass generation in the Standard Model is likely to
come from a basic dimension-ﬁve operator that violates lepton
number [1]. Little is known about the ultimate origin of this
operator, including the nature of the underlying mechanism, its
characteristic scale and/or ﬂavor structure. Correspondingly, it has
many possible realizations involving the exchange of scalar and/or
fermions at the tree and/or radiative level [2].
In a broad class of models the exchange of heavy gauge singlet
fermions induces neutrino masses via what is now called type-I
seesaw [3–7]. An attractive mechanism called inverse seesaw has
long been proposed as an alternative to the simplest type-I see-
saw [8] (for other extended seesaw schemes see, e.g. [9–11]). In
addition to the left-handed SM neutrinos ν in the inverse seesaw
model ones introduces two SU(3) ⊗ SU(2) ⊗ U (1) singlets νc, S . In
the basis ν,νc, S the effective neutrino mass matrix is
Mν =
⎛
⎝
0 MD 0
MTD 0 M
0 MT 0
⎞
⎠ , (1)
that can be simply justiﬁed by assuming a U (1)L global lepton
number symmetry. Neutrinos get masses only when U (1)L is bro-
ken. The latter can be arranged to take place at a low scale, for
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below,
Mν =
⎛
⎝
0 MD 0
MTD 0 M
0 MT μ
⎞
⎠ . (2)
After U (1)L breaking the effective light neutrino mass matrix is
given by
Mν = MDMT−1μM−1MTD , (3)
so that, when μ is small, Mν is also small, even when M lies
at the electroweak or TeV scale. In other words, the smallness of
neutrino masses follows naturally since as μ → 0 the lepton num-
ber becomes a good symmetry [12] without need for superheavy
physics.
The smallness of the parameter μ may also arise dynamically
in supersymmetric models and/or spontaneously in a Majoron-like
scheme with μ ∼ 〈σ 〉 where σ is a SU(3) ⊗ SU(2) ⊗ U (1) singlet
[13]. In the latter case, for suﬃciently low values of 〈σ 〉 there may
be Majoron emission effects in neutrinoless double beta decay [14].
Recently another alternative seesaw scheme called linear see-
saw has been suggested from SO(10) [15]. Here we consider a
simpler variant of this model based just on the framework of the
SU(3) ⊗ SU(2) ⊗ U (1) gauge structure. In the basis ν,νc, S the ef-
fective neutrino mass matrix is
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⎛
⎝
0 MD ML
MTD 0 M
MTL M
T 0
⎞
⎠ . (4)
Here the lepton number is broken by the MLνS term, and the ef-
fective light neutrino mass is given by
Mν = MD
(
MLM
−1)T + (MLM−1)MTD . (5)
In addition to indications of non-vanishing neutrino mass, neu-
trino oscillation experiments [16–20] indicate a puzzling struc-
ture [21] of the elements of the lepton mixing matrix, at variance
with the quark mixing angles.
In this Letter we consider the possibility of predicting lepton
mixing angles from ﬁrst principles, in the framework of the inverse
or linear seesaw mechanisms to generate light neutrino masses. An
attractive phenomenological ansatz for leptons mixing [22] is the
tri-bimaximal (TBM) one
UHPS =
⎛
⎝
√
2/3 1/
√
3 0
−1/√6 1/√3 −1/√2
−1/√6 1/√3 1/√2
⎞
⎠ , (6)
which is equivalent to the following values for the lepton mixing
angles: tan2 θatm = 1, sin2 θChooz = 0 and tan2 θsol = 0.5, providing
a good ﬁrst approximation to the values indicated by current neu-
trino oscillation data.
Below we give two simple A4 ﬂavor symmetry realizations of
the TBM lepton mixing pattern within the above seesaw schemes.
For example, for the inverse seesaw case possible schemes are
summarized in Table 1.
Recall that A4 is the group of the even permutations of four
objects. Such a symmetry was introduced to yield tan2 θatm = 1
and sin2 θChooz = 0 [23,24]. Most recently A4 has also been used
to derive tan2 θsol = 0.5 [25]. The group A4 has 12 elements and
is isomorphic to the group of the symmetries of the tetrahedron,
with four irreducible representations, three distinct singlets 1, 1′
and 1′′ and one triplet 3. For their multiplications see, for instance,
Ref. [25].
If the charged lepton matrix Ml is diagonalized on the left by
the magic matrix Uω
Uω = 1√
3
⎛
⎝
1 1 1
1 ω ω2
1 ω2 ω
⎞
⎠ (7)
(with ω ≡ exp(2iπ/3)) we have tri-bimaximal mixing if the light
neutrino mass matrix has the structure
M0 =
⎛
⎝
A 0 0
0 B C
0 C B
⎞
⎠ . (8)
We note that M−10 has the same structure as M0. This implies
that, taking any one (or more) of the three MD ,M,μ matrices as
having the M0 structure, with the remaining ones proportional to
the identity matrix I one obtains a light neutrino mass matrix of
TBM-type, namely
⎛
⎝
x y y
y x+ z y − z
y y − z x+ z
⎞
⎠ , (9)
leading to many potential ways to obtain the TBM mixing pattern
within an inverse seesaw mechanism. In Table 2 we list all possible
tri-bimaximal schemes.Table 1
Possible TBM inverse seesaw schemes.
cases (1) (2) (3) (4) (5) (6) (7)
MD M0 I I I M0 M0 M0
M I M0 I M0 I M0 M0
μ I I M0 M0 M0 I M0
Table 2
Matter assignment for inverse seesaw model.
L lc νc S h ξ, φ ξ ′, φ′
SUL(2) 2 1 1 1 2 2 2
Z3 ω ω 1 1 1 ω2 ω
A4 3 3 3 3 1 1, 3 1, 3
2. Tri-bimaximal inverse seesaw
As illustrative example we consider the case with
MD ∝ M0, M ∝ I, μ ∝ I. (10)
Below we will give a ﬂavor model for such a case. When we go
to the basis where charged leptons are diagonal (Eq. (7)), we have
MD ∝ UωM0,M ∝ I,μ ∝ I .
The light neutrino mass matrix arises from the inverse seesaw
relation in Eq. (3) and we have
Mν ∼ UωM0MT0 U Tω, (11)
which is of TBM-type (9). For example, for the case of real M0 we
have only three mass parameters in the model, two of which are
determined by neutrino oscillations [21] and the third is related to
the overall scale of neutrino mass that can be probed in tritium
and double beta decays. In the general case one can see that there
is no CP violation in neutrino oscillations, so that only a Majorana
phase survives. This is in sharp contrast with the generic form of
the inverse seesaw, which has CP violation even in the massless
neutrino limit [26].
The matter ﬁelds are assigned as in Table 2.
The renormalizable1 Lagrangian invariant under the symmetry
A4 × Z3 is
L= YDki j Liνcj (φk + ξ) + Mijνci S j
+ μi j Si S j + Ykli j Lilcj(φ′k + ξ ′), (12)
where from A4-contractions we have that the couplings are given
in Eq. (10), μ = vμ I , M = vM I . However, when φ takes a vacuum
expectation value (vev) and
〈φ〉 ∼ (1,0,0), (13)
we have in general
MD =
⎛
⎝
a 0 0
0 a b1
0 b2 a
⎞
⎠ . (14)
In contrast to M0 such a matrix is not symmetric. Here we assume
the ad hoc relation b1 = b2 = b. Such a relation can be obtained in
the context of an SO(10) model or by assuming S4 ﬂavor symmetry
instead of A4.2
1 Here we have introduced several Higgs doublets. We can equivalently avoid hav-
ing many Higgs doublets by introducing corresponding scalar electroweak singlet
ﬂavon ﬁelds.
2 Note that replacing in Table 2 all the A4-triplets 3 by S4-triplets 31 we have
automatically b1 = b2 in the neutrino mass matrix and β = γ in the charged lepton
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Matter assignment for linear seesaw model.
L lc νc S h ξ, φ ξ ′, φ′
SUL(2) 2 1 1 1 2 2 2
Z3 ω 1 ω ω2 1 ω ω2
A4 3 3 3 3 1 1, 3 1, 3
The light neutrino mass eigenvalues are
{m1,m2,m3} = vμ
v2M
{
(a + b)2,a2,−(a − b)2}. (15)
When also φ′ takes a vev along
〈φ′〉 ∼ (1,1,1) (16)
we have
Ml =
⎛
⎝
α β γ
γ α β
β γ α
⎞
⎠= Uω
⎛
⎝
me 0 0
0 mμ 0
0 0 mτ
⎞
⎠U †ω. (17)
Therefore the charged lepton mass matrix is diagonalized on the
left by the magic matrix Uω as required. Fermion masses are free
parameters in this model.
We note that when the Higgs doublets φ and φ′ take nonzero
vevs, the A4 symmetry breaks spontaneously into its two sub-
groups, namely Z2 and Z3, respectively. The consequence of such
a misalignment is to have a large mixing in the neutrino sector.
The problem how to get such a misalignment has been studied in
many contexts [27].
3. Tri-bimaximal linear seesaw
We now consider the case of the linear seesaw, see Eqs. (4) and
(5). As for the inverse seesaw, there are different possible choices
for MD , M , ML that can lead to the TBM structure. We take as
example the case with
MD ∝ M0, M ∝ I, ML ∝ I. (18)
When we go to the basis where charged leptons are diagonal (7),
we have MD ∝ UωM0,M ∝ I,ML ∝ Uω .
From Eq. (5) the light neutrinos mass matrix is given as
Mν ∼ UωM0U Tω + UωMT0 U Tω. (19)
We note that in contrast to the inverse seesaw, in the linear see-
saw case the light neutrino mass matrix Mν in Eq. (19) is of TBM
type also when M0 is given by Eq. (14) without any ad hoc sym-
metry assumption. Again, as before, we note that for the case of
real M0 there are only three mass parameters, two of which can
be traded by the neutrino oscillation mass splittings [21], with the
remaining one ﬁxing the overall neutrino mass scale. Even in the
presence of complex phases in M0 there is no CP violation in neu-
trino oscillations, and only a Majorana phase remains (see below).
As an illustrative example we describe a model based on A4
ﬂavor symmetry, in Table 3.
The invariant Lagrangian is
L= YDki j Liνcj (φk + ξ) + Mijνci S j + YLij LihS j
+ Ykli j Lilcj(φ′k + ξ ′), (20)
where the couplings are given as in Eq. (18).
mass matrix. β and γ can be made different by introducing a new ﬁeld φ′′ ∼ (32,ω)
with respect to (S4, Z3) that takes vev 〈φ′′〉 ∼ 〈φ′〉 while b1 = b2.Fig. 1. Neutrinoless double beta decay parameter mee as a function of the lightest
neutrino mass for inverse seesaw (red) and linear seesaw (blue). The cyan and pur-
ple bands represent respectively the generic regions allowed by current data with
lepton mixing angles ﬁxed to be the tri-bimaximal values. For references to exper-
iments see [29]. (For interpretation of the references to color in this ﬁgure legend,
the reader is referred to the web version of this Letter.)
After the scalar ﬁelds take vevs obeying the alignment condi-
tions given in Eqs. (13) and (16), the resulting Yukawa couplings
are given by (18) and therefore the light neutrino mass matrix is
diagonalized by TBM in the basis where charged leptons are diag-
onal as explained above.
The light neutrino eigenvalues are given by
{m1,m2,m3} = vL
vM
{
(a + b),a,−(a − b)}. (21)
4. Phenomenology
Above we have introduced two very simple models based re-
spectively on inverse and linear seesaw mechanisms. Due to the
assumed ﬂavor symmetry they are highly restrictive. By construc-
tion, the lepton mixing matrix in both models is predicted to be
tri-bimaximal and neutrino phenomenology is effectively described
by just three mass parameters and a phase. Two of them are
the neutrino squared-mass splittings well-determined in neutrino
oscillations. The other mass parameter characterizes the absolute
neutrino mass scale which will be probed in tritium and neutrino-
less double beta decay searches, as well as cosmology.
As we have noted already, there is no CP violation in neutrino
oscillations, and only one Majorana phase remains and affects the
predictions for neutrinoless double beta decay (see below).
4.1. Neutrinoless double beta decay
Despite their similarity, one can distinguish these models phe-
nomenologically since Eqs. (3) and (5) give rise to different neu-
trino mass spectra and this implies different expectations for neu-
trinoless double beta decay, as illustrated in Fig. 1 (similar predic-
tions have been made within A4-symmetric type-I seesaw models,
as shown, for example, in Ref. [28]).
One sees that, in contrast to the inverse seesaw, in the linear
seesaw case there is a lower bound on the neutrinoless double
beta decay rate despite the fact that we have a normal neutrino
mass hierarchy. In contrast, the effect of the Majorana phase in the
inverse seesaw can cause full cancellation in the decay rate.
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In the inverse and linear seesaw models studied here, the neu-
trino mass matrix is a 9 × 9 symmetric matrix, see Eqs. (2) and
(4). This is diagonalized by a corresponding unitary matrix Uαβ
of the same dimension, α,β = 1, . . . ,9, leading to three light Ma-
jorana eigenstates νi with i = 1,2,3 and six heavy ones N j with
j = 4, . . . ,9. The effective charged current weak interaction is char-
acterized by a rectangular lepton mixing matrix Kiα [6].
LCC = g√
2
Kiα L¯iγμ(1+ γ5)NαWμ, (22)
where i = 1,2,3 denote the left-handed charged leptons and α
the neutrals. The contribution to the decay li → l jγ arises at one
loop (see, for instance, [30,31]) from the exchanges of the six heavy
right-handed Majorana neutrinos N j which couple subdominantly
to the charged leptons.
The well-known one-loop contribution to this branching ratio is
given by [32]
Br(li → l jγ ) = α
3s2W
256π2
m5li
M4W
1
Γli
|Gij|2, (23)
where
Gij =
9∑
k=4
K ∗ik K jkGγ
(m2Nk
M2W
)
,
Gγ (x) = −2x
3 + 5x2 − x
4(1− x)3 −
3x3
2(1− x)4 ln x. (24)
We note that, thanks to the admixture of the TeV states in the
charged current weak interaction, this branching ratio can be size-
able even in the absence of supersymmetry [30]. Similar results
hold for a class of LFV processes, including nuclear mu–e con-
version [33]. As already noted, the rates for mu–e conversion and
μ → eγ are strongly correlated in this model. These are the most
stringently constrained LFV decays.
The simplicity of their mass matrices, which are expressed in
terms of very few parameters, makes the current models espe-
cially restrictive and this has an impact in the expected pattern of
LFV decays. In contrast to the general case considered in [31,33],
here we can easily display the dependence of the μ → eγ branch-
ing ratio on the new physics scale represented by the parameters
M ∼ TeV and the parameters μ or vL characterizing the low-scale
violation of lepton number, since both are simply proportional to
the identity matrix in ﬂavor space. This is illustrated in Fig. 2.
Note also that, in contrast to a generic inverse or linear seesaw
model, in our A4 based models the structure of the matrix Gij
is completely ﬁxed, and this leads to predictions for ratios of LFV
branching ratios. This can be seen easily as follows. Recall that we
have only three mass parameters, two of which are determined by
solar and atmospheric splittings, while the third is related to the
overall scale of neutrino mass. The ratio
α = m2sol/m2atm
is well determined by neutrino oscillation data [21].
For the inverse seesaw case we have from Eq. (15)
m2atm =
v2μ
v4M
(
(a − b)4 − a4), (25)
m2sol =
v2μ
v4M
(
a4 − (a + b)4), (26)
thenFig. 2. Br(μ → eγ ) versus the lepton number violation scale: μ for the inverse see-
saw (red color), and vL for the linear seesaw (blue color). In both cases, M is ﬁxed
as M = 100 GeV (continuous line), M = 200 GeV (dashed line) and M = 1000 GeV
(dot-dashed line). (For interpretation of the references to color in this ﬁgure legend,
the reader is referred to the web version of this Letter.)
α = 1− (1− t)
4
(1+ t)4 − 1 , (27)
where t = −b/a.
As mentioned, the main contributions to the LFV processes are
those involving the heavy singlet neutrinos. Then the relevant el-
ements of the lepton mixing matrix are Kik ∼ MDM−1, and as a
result the G matrix of Eq. (24) is characterized by only two pa-
rameters,
G ∼ U †ωMT0 M0Uω (28)
and for inverse seesaw one ﬁnds:
G ∼
⎛
⎜⎜⎝
a2 + 4ab3 + 2b
2
3 − 13b(2a + b) − 13b(2a + b)
− 13b(2a + b) a2 − 2ab3 + 2b
2
3
1
3b(4a − b)
− 13b(2a + b) 13b(4a − b) a2 − 2ab3 + 2b
2
3
⎞
⎟⎟⎠ .
Taking ratios of branching ratios, prefactors cancel and one ﬁnds,
for example, for
Br(τ → μγ )
Br(τ → eγ ) =
(
4+ 2t
2− t
)2
, (29)
where t is the solution of Eq. (27).
A similar procedure can be carried out for the linear seesaw,
using Eq. (21) for the light neutrino mass eigenvalues. One ﬁnds
Br(τ → μγ )
Br(τ → eγ ) = 4. (30)
As a result of Eqs. (29) and (30) we obtain the predictions illus-
trated in Fig. 3. Note the different dependence on α.
A basic symmetry property of the matrix Gij is mu–tau sym-
metry, which implies that G31 = G21, so that
Br(τ → eγ )
Br(μ → eγ ) =
(
mτ
mμ
)5
Γμ
Γτ
≈ 0.18, (31)
for both linear and inverse seesaw. Given the current bounds on
μ → eγ we have Br(τ → eγ )  2 × 10−12 placing a tremendous
challenge for the search for lepton ﬂavor violating tau decays for
testing the prediction given in Fig. 3.
458 M. Hirsch et al. / Physics Letters B 679 (2009) 454–459Fig. 3. Br(τ → μγ )/Br(τ → eγ ) vs α for inverse seesaw (red) and linear seesaw
(blue). The vertical line indicates the best ﬁt value for α, the band is the allowed
3σ C.L. range [21]. (For interpretation of the references to color in this ﬁgure legend,
the reader is referred to the web version of this Letter.)
Before closing this section let us also mention that the TeV neu-
tral heavy leptons are potentially accessible directly in accelerator
experiments, see, for example, Ref. [34].
5. Discussion
The inverse and linear seesaw mechanisms provide very inter-
esting alternative scenarios to the type-I seesaw since the scale
of the new fermions leading to neutrino mass can lie at the TeV
scale, potentially accessible at the LHC. In this Letter we have given
two models based on the A4 discrete ﬂavor symmetry and real-
izing the successful tri-bimaximal ansatz for lepton mixing. We
have introduced several Higgs doublets transforming as triplet and
singlet representations of A4. We have assumed that A4 is spon-
taneously broken to Z3 in the charged lepton sector and into Z2
in the neutrino sector which yields the TBM lepton mixing pat-
tern. Both models are highly predictive as they effectively depend
only on three mass parameters and one Majorana phase, implying
no CP violation in neutrino oscillations. In contrast to the inverse
seesaw, the linear seesaw leads to a lower bound for neutrinoless
double beta decay.
Among their other phenomenological features, the mixing of
heavy neutrinos in the charged electroweak current leads to var-
ious lepton ﬂavor violating decays such as li → l jγ and li → l jlklk .
In contrast to standard type-I seesaw, here these rates can be
sizeable even in the absence of supersymmetry. Moreover, the
TBM mixing pattern leads to speciﬁc predictions for LFV decays
as illustrated, for example, in Fig. 3. However, within our partic-
ular A4 symmetry realizations, the TBM pattern also implies that
Br(τ → μγ )  3 × 10−10, well below current experimental sensi-
tivities.
As a ﬁnal comment, we have only described in this Letter
results that follow from exact symmetry realizations of the tri-
bimaximal mixing pattern. It is possible, however, that the symme-
try leading to TBM holds only at some high uniﬁcation scale and
deviations are induced. Possible radiative effects have been con-
sidered for example, in the framework of supergravity models in
Ref. [35]. For example, in the presence of supersymmetry, broken
by soft breaking terms that do not respect our ﬂavor symmetry,
one would have potentially important corrections that might en-
hance tau-violating processes with respect to the predictions pre-
sented here. Finally, let us also mention that, as already noted in[15] generic inverse and linear seesaw models may be embedded
in an SO(10) framework. The non-Abelian ﬂavor structure may be
incorporated in these models in order to generate the TBM pattern
discussed here, along the lines considered in Refs. [36] and [37].
These are issues that we hope to take up elsewhere.
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